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ADVANCED MODELING STRATEGIES FOR THE ANALYSIS
OF TILE-REINFORCED COMPOSITE ARMOR

C. G. DÁVILA  and  TZI-KANG CHEN

Army Research Laboratory, Vehicle Technology Center
NASA Langley Research Center, Hampton, VA 23681

Abstract.

$� GHWDLOHG� LQYHVWLJDWLRQ� RI� WKH� GHIRUPDWLRQ�PHFKDQLVPV� LQ� WLOH�UHLQIRUFHG� DUPRUHG
FRPSRQHQWV� ZDV� FRQGXFWHG� WR� GHYHORS� WKH� PRVW� HIILFLHQW� PRGHOLQJ� VWUDWHJLHV� IRU� WKH
VWUXFWXUDO� DQDO\VLV� RI� ODUJH� FRPSRQHQWV� RI� WKH� &RPSRVLWH� $UPRUHG� 9HKLFOH�� � 7KH
OLPLWDWLRQV�RI�FRQYHQWLRQDO�ILQLWH�HOHPHQWV�ZLWK�UHVSHFW� WR�WKH�DQDO\VLV�RI� WLOH�UHLQIRUFHG
VWUXFWXUHV� ZHUH� H[DPLQHG�� DQG� WZR� FRPSOHPHQWDU\� RSWLPDO� PRGHOLQJ� VWUDWHJLHV� ZHUH
GHYHORSHG�� � 7KHVH� VWUDWHJLHV� DUH� HOHPHQW� OD\HULQJ� DQG� WKH� XVH� RI� D� WLOH�DGKHVLYH
VXSHUHOHPHQW���(OHPHQW�OD\HULQJ�LV�D�WHFKQLTXH�WKDW�XVHV�VWDFNV�RI�VKHDU�GHIRUPDEOH�VKHOO
HOHPHQWV�WR�REWDLQ�WKH�SURSHU�WUDQVYHUVH�VKHDU�GLVWULEXWLRQV�WKURXJK�WKH� WKLFNQHVV�RI� WKH
ODPLQDWH���7KH�WLOH�DGKHVLYH�VXSHUHOHPHQW�FRQVLVWV�RI�D�VWDWLFDOO\�FRQGHQVHG�VXEVWUXFWXUH
PRGHO�GHVLJQHG� WR� WDNH� DGYDQWDJH� RI� SHULRGLFLW\� LQ� WLOH� SODFHPHQW� SDWWHUQV� WR� HOLPLQDWH
QXPHULFDO�UHGXQGDQFLHV�LQ�WKH�DQDO\VLV�� �%RWK�DSSURDFKHV�FDQ�EH�XVHG�VLPXOWDQHRXVO\�WR
FUHDWH� XQXVXDOO\� HIILFLHQW� PRGHOV� WKDW� DFFXUDWHO\� SUHGLFW� WKH� JOREDO� UHVSRQVH� E\
LQFRUSRUDWLQJ�WKH�FRUUHFW�ORFDO�GHIRUPDWLRQ�PHFKDQLVPV�

.H\�ZRUGV�� �FRPSRVLWH�DUPRU�� WLOH�UHLQIRUFHG�VDQGZLFK�VWUXFWXUH�� HOHPHQW� OD\HULQJ�
VXSHUHOHPHQWV�

1.  Introduction

9LUWXDOO\� HYHU\� DHURVSDFe company� DQG� PDQ\� ODQG�YHKLFOH� PDQXIDFWXUHUV� DUH
GHYHORSLQJ� SURGXFWV�PDGH�ZLWK� ILEHU�UHLQIRUFHG� FRPSRVLWH�PDWHULDOV�� � ,Q� WKH� ODVW� WKLUW\
\HDUV�� WKH�XVH�RI� FRPSRVLWH�PDWHULDOV�KDV�SURJUHVVHG� WKURXJK� VHYHUDO� VWDJHV�� �7KH� HDUO\
VWDJHV�FRQVLVWHG�RI�UHSODFLQJ�D�PHWDOOLF�FRPSRQHQW�ZLWK�D�VLPLODUO\�GHVLJQHG�FRPSRVLWH
SDUW�� �7KH�FXUUHQW� VWDJH�RI�FRPSRVLWH�PDWHULDO�XVDJH� LV� WKH� DOO�FRPSRVLWH�YHKLFOH�� �7KLV
ORQJ�KHOG�YLVLRQ�LV�QRZ�SRVVLEOH�ZLWK�WKH�GHYHORSPHQW�RI�QHZ�IXQGDPHQWDO� LQVLJKW� LQWR
WKH� PHFKDQLFV� LVVXHV� RI� FRPSRVLWH� VWUXFWXUHV� DORQJ� ZLWK� QHZ� DQDO\WLFDO� DQG
FRPSXWDWLRQDO�WRROV�

7KH�&RPSRVLWH�$UPRUHG�9HKLFOH� �&$9�� LV�DQ�$GYDQFHG�7HFKQRORJ\�'HPRQVWUDWRU
GHVLJQHG�DQG�PDQXIDFWXUHG�LQ������E\�8QLWHG�'HIHQVH��/�3���8'/3���RI�6DQ�-RVH��&$�
7KH�YHKLFOH��ZKLFK�LV�VKRZQ�LQ�)LJ�����ZDV�GHVLJQHG�WR�GHPRQVWUDWH�D�����UHGXFWLRQ�LQ
WKH� FRPELQHG�ZHLJKW� RI� WKH� DUPRU� DQG� WKH� VWUXFWXUH� FRPSDUHG� WR� WKH�ZHLJKW� RI� DQ� DOO�
PHWDOOLF� EDVHOLQH� YHKLFOH� ZLWK� HTXLYDOHQW� SURWHFWLRQ�� � 7KH� XSSHU� KXOO� RI� WKH� YHKLFOH
FRQVLVWV�RI�D�VDQGZLFK�RI�FHUDPLF�WLOHV�ERQGHG�EHWZHHQ�D�WKLFN�JODVV�HSR[\�LQQHU�KXOO�DQG
D� WKLQQHU� RXWHU� KXOO�� � 7R� LVRODWH� WKH� WLOHV� IURP� WKH� LQQHU� KXOO� DQG� WR� LPSURYH� GDPDJH
WROHUDQFH��D�UXEEHU�OD\HU�LV�EXLOW�LQWR�WKH�ODPLQDWH���7KH�FHUDPLF�WLOHV�DUH�ERQGHG�WR�HDFK
RWKHU�DQG� WR� WKH�VXUURXQGLQJ�PDWHULDOV�ZLWK�D� WRXJK�DQG�KLJKO\�FRPSOLDQW�DGKHVLYH� WKDW
OLPLWV�WKH�SURSDJDWLRQ�RI�GDPDJH�WR�WKH�VXUURXQGLQJ�WLOHV�
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)LJXUH��� &RPSRVLWH�$UPRUHG�9HKLFOH�$GYDQFHG�7HFKQRORJ\�'HPRQVWUDWRU�

7KH� SURSHU� EDODQFH� EHWZHHQ� VWUXFWXUDO� DQG� EDOOLVWLF� SHUIRUPDQFHV�ZDV� RSWLPL]HG� LQ
WKH�&$9�GHVLJQ�E\�WDLORULQJ�WKH�LQWHUDFWLRQ�EHWZHHQ�WKH�UXEEHU��FHUDPLF�WLOH��JODVV�HSR[\�
DQG� DGKHVLYH� WR� DFKLHYH� D� GHVLJQ� WKDW� LQWHJUDWHV� VWUXFWXUH� DQG� DUPRU�� � 7R� WKH� DQDO\VW�
KRZHYHU�� WKH� MX[WDSRVLWLRQ� RI� PDWHULDOV� ZLWK� YHU\� GLIIHUHQW� VWLIIQHVVHV� SRVHV
FRPSXWDWLRQDO�GLIILFXOWLHV�XQOLNH�WKRVH�RI�W\SLFDO�FRPSRVLWH�VWUXFWXUHV���,W�ZDV�IRXQG�WKDW
VWDQGDUG� ILQLWH� HOHPHQW� WHFKQLTXHV� SURYLGH� LQDFFXUDWH� UHVXOWV� IRU� WKLV� W\SH� RI
FRQVWUXFWLRQ��

,Q�WKH�IROORZLQJ�VHFWLRQ�� WKH�UHVSRQVH�FKDUDFWHULVWLFV�RI� WKH�&$9�XSSHU�KXOO�DQG� WKH
FRUUHVSRQGLQJ�OLPLWDWLRQV�RI�VKHOO�HOHPHQWV�XVHG�LQ�ILQLWH�HOHPHQW�DQDO\VLV�DUH�GLVFXVVHG�
7R�DGGUHVV�WKHVH�OLPLWDWLRQV��WZR�FRPSOHPHQWDU\�DQDO\VLV�WHFKQLTXHV�DUH�SURSRVHG���7KH
WHFKQLTXH�UHIHUUHG� WR�KHUHLQ�DV�HOHPHQW� OD\HULQJ� LPSURYHV� WKH�JOREDO�DQG� ORFDO� UHVSRQVH
SUHGLFWLRQ�DFFXUDF\�RI�FRQYHQWLRQDO�VKHOO�HOHPHQWV�E\�VWDFNLQJ� OD\HUV�RI�VKHOO� HOHPHQWV�
7KH� FRPSXWDWLRQDO� HIILFLHQF\� FDQ� EH� IXUWKHU� LPSURYHG� E\� WDNLQJ� DGYDQWDJH� RI� WKH
SHULRGLFLW\� LQ� WKH�&$9� FRQVWUXFWLRQ� E\� XVLQJ� VXSHUHOHPHQWV�� � 7KH� VHFRQG� WHFKQLTXH� LV
EDVHG�RQ�VXSHUHOHPHQWV��ZKLFK�VLPSOLILHV� WKH� WDVN�RI�PRGHOLQJ��YLUWXDOO\� HOLPLQDWHV� WKH
WLPH� UHTXLUHG� WR� DVVHPEOH� WKH� VWLIIQHVV�PDWULFHV�� DQG� VLJQLILFDQWO\� UHGXFHV� WKH� DQDO\VLV
VROXWLRQ�WLPH�

2.  Response Characteristics of the CAV Upper Hull

7KH�FRUH�RI� WKH�&$9�XSSHU�KXOO� FRQVLVWV�RI������E\������ FP�VTXDUH� FHUDPLF� DUPRU
WLOHV�� � 7KH� &$9� XSSHU� KXOO� DFKLHYHV� LWV� EDOOLVWLF� SHUIRUPDQFH� WKURXJK� WKH� FRPSOH[
LQWHUDFWLRQ�RI�EULWWOH�FHUDPLF� WLOHV�� WRXJK�6��JODVV�HSR[\�SOLHV�� DQG� ORZ�PRGXOXV� UXEEHU
DQG�DGKHVLYH�PDWHULDOV���/DUJH�GLIIHUHQFHV�LQ�PRGXOL�DQG�VL]H�RFFXU�LQ�ERWK�WKH�WKLFNQHVV
DQG�WKH�LQ�SODQH�GLUHFWLRQV��DV�VKRZQ�LQ�)LJ������&RQVHTXHQWO\��WKH�VWUDLQ�GLVWULEXWLRQV�LQ
WKLV�VWUXFWXUH�DUH�TXLWH�GLIIHUHQW�IURP�ZKDW�PLJKW�EH�H[SHFWHG�LQ�DQ�LVRWURSLF�VWUXFWXUH���,Q
SDUWLFXODU�� WZR� DVSHFWV� RI� WKH� ORFDO� GHIRUPDWLRQ� RI� WLOH�UHLQIRUFHG� ODPLQDWHV� SRVH
FKDOOHQJHV�WR�WKH�DQDO\VLV���7KH�ILUVW�GLIILFXOW\�LV�GXH�WR�WKH�YDULDWLRQ�RI�SURSHUWLHV�LQ�WKH
WKLFNQHVV�GLUHFWLRQ��WKH�RWKHU�LV�GXH�WR�WKH�YDULDWLRQ�RI�WKH�LQ�SODQH�SURSHUWLHV�
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)LJXUH��� 3KRWRJUDSK� RI� WKH� HGJH� RI� D� &$9� XSSHU� KXOO� VSHFLPHQ�� � $SSUR[LPDWH
YDOXHV� RI� <RXQJ¶V� PRGXOL� LOOXVWUDWH� WKH� ODUJH� YDULDWLRQV� LQ� SURSHUWLHV
EHWZHHQ�DGMDFHQW�PDWHULDOV�

7KH� GHIRUPDWLRQ� RI� D� WKUHH�GLPHQVLRQDO�PRGHO� RI� D�&$9�EHDP� VXEMHFWHG� WR� WKUHH�
SRLQW�EHQGLQJ�LV�VKRZQ�LQ�)LJ����� � ,W�FDQ�EH�REVHUYHG� WKDW� WKH�EHDP�GHIRUPV� OHVV� OLNH�D
PRQROLWKLF�VWUXFWXUH�DQG�PRUH�OLNH�WZR�ORRVHO\�FRXSOHG�ODPLQDWHV��RQH�RQ�WRS�RI�WKH�RWKHU�
7KH�VRIWQHVV�RI�WKH�UXEEHU�PDW�DOORZV�VRPH�UHODWLYH�PRWLRQ�WR�RFFXU�EHWZHHQ�WKH�XSSHU
DQG�ORZHU�SRUWLRQV�RI�WKH�ODPLQDWH���7KLV�UHODWLYH�PRWLRQ�LQYDOLGDWHV�WKH�DVVXPSWLRQV�XVHG
IRU�FRQYHQWLRQDO�VKHOO�ILQLWH�HOHPHQWV�

2XWHU�VXUIDFH

3

,QQHU�VXUIDFH

)LJXUH��� 7KUHH�GLPHQVLRQDO�PRGHO� RI� D� &$9� EHDP� VXEMHFWHG� WKUHH�SRLQW� EHQGLQJ�
)UHH�HGJHV�RI�EHDP�GLVSOD\�WUDQVYHUVH�VKHDULQJ�RI�UXEEHU�OD\HU�

,Q�DGGLWLRQ�WR�WKH�FKDQJHV�LQ�PDWHULDO�SURSHUWLHV�WKURXJK�WKH�WKLFNQHVV��WKHUH�LV�DOVR�DQ
LQ�SODQH�SHULRGLFLW\�GXH�WR�WKH�DGKHVLYH�ILOOHG�JDSV�EHWZHHQ�WLOHV���7KH�WLOHV�DUH�DOLJQHG�LQ
D�SDWWHUQ�FRQVLVWLQJ�RI�VWDJJHUHG�URZV���7KH�ERQGOLQH�LV�RUGHUV�RI�PDJQLWXGH�VPDOOHU�WKDQ
WKH�OHQJWK�RI�D�WLOH��\HW�LW�HORQJDWHV�PRUH�WKDQ�D�WLOH��DV�FDQ�EH�VHHQ�IURP�WKH�SODQH�VWUDLQ
PRGHO� VKRZQ� LQ� )LJ�� ��� � 7KH� SHULRGLFLW\� LQ� WKH� GHIRUPDWLRQV� LV� PRVW� DSSDUHQW� LQ� WKH
GLVWULEXWLRQ�RI�VWUDLQV�DORQJ�WKH�VXUIDFHV�RI�WKH�ODPLQDWH���7KH�D[LDO�VWUDLQV�VKRZQ�LQ�)LJ�
�� FRUUHVSRQG� WR� WKH� RXWHU� DQG� LQQHU� VXUIDFHV� RI� WKH� EHDP� VKRZQ� LQ�)LJ�� �� VXEMHFWHG� WR
WKUHH�SRLQW�EHQGLQJ�ORDGV���7KH�VXUIDFH�VWUDLQV�DUH�WKH�VWUDLQV�WKDW�FDQ�EH�PHDVXUHG�ZLWK
VWUDLQ�JDJHV�ERQGHG�WR�WKH�VXUIDFHV�RI�WKH�VSHFLPHQ���7KH�RXWHU�VXUIDFH�VWUDLQV�DUH�KLJKO\
SHULRGLF��ZLWK�ODUJH�ORFDO�LQFUHDVHV�LQ�VWUDLQ�DW�WKH�ORFDWLRQ�RI�WKH�WLOH�JDSV���7KH�VWUDLQV�RQ
WKH�LQQHU�VXUIDFH�DUH�VPRRWK�EHFDXVH�WKH�WKLFN�JODVV�HSR[\�LQQHU�KXOO�DQG�WKH�UXEEHU�OD\HU
HYHQ�RXW�WKH�YDULDWLRQV�� �7KH�SUHVHQFH�RI�VXFK�ODUJH�FRQFHQWUDWHG�EHQGLQJ��VKHDULQJ�DQG
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H[WHQVLRQDO� GHIRUPDWLRQV� DW� WKH� DGKHVLYH� JDSV� UHTXLUHV� WKH� XVH� RI� H[WUHPHO\� VPDOO� DQG
GHWDLOHG�ILQLWH�HOHPHQW�PHVKHV�WR�UHSUHVHQW�WKH�ORFDO�UHVSRQVH�FKDUDFWHULVWLFV�DFFXUDWHO\�

7LOH
$GKHVLYH

5XEEHU

)LJXUH��� 3ODQH�VWUDLQ�DQDO\VLV�RI�VDQGZLFK�EHDP�LQ�WHQVLRQ���+LJK�FRPSOLDQFH�RI�WKH
VPDOO�DGKHVLYH�ERQGOLQH�UHVXOWV�LQ�D�UHODWLYHO\�ODUJH�RSHQLQJ�RI�WKH�JDS�
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)LJXUH��� 6WUDLQV� RQ� WKH� VXUIDFHV� RI� D� EHDP� VXEMHFWHG� WR� WKUHH�SRLQW� EHQGLQJ�� � 7KH
VWUDLQV�RQ�WKH�RXWHU�VXUIDFH�KDYH�ORFDO� LQFUHDVHV�DW� WKH�JDSV�EHWZHHQ� WLOHV�
WKRVH�RQ�WKH�LQQHU�VXUIDFH�DUH�VPRRWK�

:KLOH�WKUHH�GLPHQVLRQDO�VROLG�PRGHOV�DUH�RIWHQ�WKH�RQO\�PHDQV�RI�SUHGLFWLQJ�FRPSOH[
VWUHVV�ILHOGV��WKH\�DUH�FXUUHQWO\�VR�FRPSXWDWLRQDOO\�H[SHQVLYH�WKDW�WKH\�DUH�LPSUDFWLFDO�IRU
WKH�DQDO\VLV�RI�DQ\WKLQJ�RWKHU�WKDQ�VPDOO�DQG�UHODWLYHO\�VLPSOH�FRPSRQHQWV���7KH�PHWKRGV
SUHVHQWHG�LQ�WKH�SUHVHQW�SDSHU�GR�QRW�DGG�ILGHOLW\�WR�WKH�VROXWLRQ�FRPSDUHG�WR�D�GHWDLOHG
WKUHH�GLPHQVLRQDO� PRGHO�� � +RZHYHU�� HOHPHQW�OD\HULQJ� DQG� WLOH�DGKHVLYH� VXSHUHOHPHQWV
SUHGLFW� QHDUO\� RU� H[DFWO\� WKH� VDPH� UHVXOWV� DV� DQ� HTXLYDOHQWO\� PHVKHG� VROLG� PRGHO� DW� D
IUDFWLRQ�RI�WKH�FRPSXWDWLRQDO�FRVW�RI�WKH�VROLG�PRGHO�

3.  Analysis of CAV Upper Hull Laminates with Shell Elements

0RVW� ILQLWH� HOHPHQW� DQDO\VHV� RI� WKLFN� FRPSRVLWH� VWUXFWXUHV� UHO\� RQ� VR�FDOOHG� WKLFN�
VKHOO� HOHPHQWV�� � 7KHVH� FRPSXWDWLRQDOO\� HIILFLHQW� HOHPHQWV� DUH� EDVHG� RQ� WKH� 0LQGOLQ�
5HLVVQHU� �05�� NLQHPDWLF� DVVXPSWLRQV� WKDW� VWDWH� WKDW� WKH� QRUPDO� WR� WKH� VKHOO� UHPDLQV
VWUDLJKW�DQG�GRHV�QRW�HORQJDWH�� �7KH�05�DVVXPSWLRQV� LPSO\� WKDW� WKH� WUDQVYHUVH�VKHDU� LQ
WKH�VKHOO�LV�FRQVWDQW�WKURXJK�WKH�WKLFNQHVV��DQG�WKLV�WKHRU\�LV�UHIHUUHG�WR�DV�D�)LUVW�2UGHU
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7UDQVYHUVH�6KHDU�'HIRUPDWLRQ�7KHRU\��)6'7��� �2QH�LQFRQVLVWHQF\�LQ�WKLV� WKHRU\�LV� WKDW
WKH�FRQVWDQW�WUDQVYHUVH�VKHDU�GRHV�QRW�VDWLVI\�WKH�WUDFWLRQ�IUHH�ERXQGDU\�FRQGLWLRQV�DW�WKH
WRS� DQG�ERWWRP� IDFHV�RI� D� ODPLQDWH�� �7KLV� LQFRQVLVWHQF\� LV�XVXDOO\�RIIVHW� E\� DSSO\LQJ� D
VKHDU�FRUUHFWLRQ�IDFWRU��6&)��WR�WKH�WUDQVYHUVH�VKHDU�VWLIIQHVVHV���)RU�LVRWURSLF�PDWHULDOV�
ZKHUH�WKH�WUDQVYHUVH�VKHDU�GLVWULEXWLRQ�GXH�WR�D�VWDWLF�ORDG�LV�H[DFWO\�SDUDEROLF��WKH�6&)�LV
����� � :KLWQH\�� DQG� RWKHUV� KDYH� SURSRVHG� PHWKRGV� IRU� FRPSXWLQJ� WKH� 6&)� IRU� QRQ�
LVRWURSLF�PDWHULDOV��DQG�LW�PD\�VHHP�UHDVRQDEOH�WR�H[SHFW�WKDW�LW�LV�SRVVLEOH�WR�FRPSXWH�D
6&)�IRU�WKH�&$9�ODPLQDWH���+RZHYHU��QXPHULFDO�VLPXODWLRQV�DQG�WHVWV�VKRZ�WKDW�LW�LV�QRW
SRVVLEOH�WR�FRPSXWH�D�VLQJOH�6&)�IRU�DOO�&$9�DQDO\VHV���)RU�H[DPSOH��WKH�UHVXOWV�RI�VKHOO
DQDO\VHV�RI�D�SODWH�VXEMHFWHG�WR�WKUHH�SRLQW�EHQGLQJ�ORDGV�DUH�VKRZQ�LQ�)LJ����IRU�YDULRXV
6&)V���7KH�VWLIIQHVV�RI�WKH�SODWH�LV�SORWWHG�DV�D�IXQFWLRQ�RI�WKH�6&)���$�6&)�RI�����UHVXOWV
LQ�DQ�RYHUO\� VWLII� UHVSRQVH� WKDW� FRUUHVSRQGV� WR� WKH� UHVSRQVH�RI� D�PRQROLWKLF�SODWH�� �7KH
6&)�FRPSXWHG�XVLQJ�:KLWQH\¶V�PHWKRG� LV�RQO\������� �7KLV� ORZ�YDOXH�FDXVHV� DQ�RYHUO\
FRPSOLDQW� GHIRUPDWLRQ� WKDW� DOPRVW� FRUUHVSRQGV� WR� D� EHDP�ZLWK� SXUH� VKHDU� GHIRUPDWLRQ
�QR� EHQGLQJ�� ZLWK� QHDU� ]HUR� VORSH� RXWERDUG� RI� WKH� VXSSRUWV�� � $� FRPSDULVRQ� RI� WKH
DQDO\WLFDO�UHVXOWV�ZLWK�H[SHULPHQWDO�UHVXOWV�VXJJHVWV�WKDW�D�6&)�RI�����FRUUHVSRQGV�WR�WKH
SURSHU�PLG�VSDQ�GHIOHFWLRQ��EXW� LW� FDQ�EH� VKRZQ� WKDW� WKLV�QXPEHU�YDULHV�ZLWK� VSHFLPHQ
OHQJWK��� � ,Q� RWKHU� ZRUGV�� WKH� XQXVXDO� WKURXJK�WKH�WKLFNQHVV� VWUDLQ� GLVWULEXWLRQV� LQ
ODPLQDWHV�ZLWK�HPEHGGHG�WLOHV�FDQQRW�EH�UHSUHVHQWHG�E\�FRQYHQWLRQDO�VKHOO�HOHPHQWV��DQG
FRQYHQWLRQDO�6&)V�GR�QRW�SURSHUO\�DFFRXQW� IRU� WKH� FRQFHQWUDWLRQ�RI� WUDQVYHUVH� VKHDU� LQ
WKH�UXEEHU�OD\HU�ZLWKRXW�XQEDODQFLQJ�WKH�UDWLR�RI�VKHDULQJ�DQG�EHQGLQJ�HQHUJLHV�

��� ��� ��� ��� � ���

.

6&)

�3
Z
PD[

1R�6&),VRWURSLF

:KLWQH\

&/7��EHDP�WKHRU\�

7KUHH�SRLQW�EHQGLQJ�WHVW

�N1�FP

��

��

��

��

��

��

��

��

��

�
�

)LJXUH��� (IIHFW�RI�VKHDU�FRUUHFWLRQ�IDFWRU�RQ�WKH�JOREDO�VWLIIQHVV�DQG�EHQGLQJ�PRGH
RI� D� ���LQFK�ORQJ� E\� ���LQFK�ZLGH� SODWH� VXEMHFWHG� WR� WKUHH�SRLQW� EHQGLQJ
ORDGV��ZLWK�D����LQFK�ORQJ�VXSSRUW�VSDQ�

�����(OHPHQW�/D\HULQJ�IRU�+LJKHU�2UGHU�7UDQVYHUVH�'HIRUPDWLRQ

6KHOO�HOHPHQWV�RI�KLJK�RUGHU� LQ�WUDQVYHUVH�VKHDU�DUH�EHFRPLQJ�UHODWLYHO\�FRPPRQ�LQ
UHVHDUFK� FRGHV�� � $YHULOO¶V� VKHOO� HOHPHQWV�� ZLWK� KLJK�RUGHU� ]LJ�]DJ� VXEODPLQDWH
DSSUR[LPDWLRQV�� IRU� LQVWDQFH�� FDQ� HYHQ� VLPXODWH� GHODPLQDWLRQV� E\� XVLQJ� SOLHV� RI� QHDUO\
]HUR�PDWHULDO�VWLIIQHVV���+RZHYHU��KLJKHU�RUGHU�HOHPHQWV�XVXDOO\�SRVVHVV�D� ODUJH�QXPEHU
RI� GHJUHHV� RI� IUHHGRP� SHU� QRGH�� ZKLFK� UHQGHUV� WKHLU� LPSOHPHQWDWLRQ� LQWR� FRPPHUFLDO
ILQLWH� HOHPHQW� FRGHV� UDWKHU� FRPSOH[�� � )XUWKHUPRUH�� WKH� SUHVHQW� VWXG\� LQYROYHV� WKH
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FRRSHUDWLYH�DQDO\VLV�HIIRUWV�DQG�FRPSXWDWLRQDO�IDFLOLWLHV�RI�VHYHUDO�YHKLFOH�PDQXIDFWXUHUV
DQG�JRYHUQPHQW�ODERUDWRULHV��VR�D�VROXWLRQ�WR�WKH�ODFN�RI�DFFXUDF\�RI�VKHOO�HOHPHQWV�KDG�WR
EH�FRPSDWLEOH�ZLWK�W\SLFDO�FRPPHUFLDO�ILQLWH�HOHPHQW�FRGHV���7KH�VROXWLRQ�DGRSWHG�LQ�WKH
SUHVHQW� SDSHU� FRQVLVWV� RI� WKH� PHWKRG� RI� HOHPHQW� OD\HULQJ�� D� WHFKQLTXH� WKDW� KDV� EHHQ
SUHYLRXVO\� DSSOLHG� WR� WKH� FRPSXWDWLRQ� RI� IUDFWXUH� SDUDPHWHUV� LQ� VNLQ�VWLIIHQHU� GHERQG
SUREOHPV����(OHPHQW�OD\HULQJ�LV�GHVLJQHG�WR�SURYLGH�WKH�QHHGHG�KLJKHU�RUGHU�LQ�WUDQVYHUVH
GHIRUPDWLRQV�� � 7KH�PHWKRG� VLPSO\� FRQVLVWV� RI�PRGHOLQJ� WKH� ODPLQDWHG� FRPSRVLWH� VKHOO
ZLWK�PRUH�WKDQ�RQH�WKLFN�VKHOO�HOHPHQW�WKURXJK�WKH�WKLFNQHVV��ZKHUH�HDFK�HOHPHQW�OD\HU
FRPSULVHV�D�VXEODPLQDWH�RI�VLPLODU�PDWHULDO�SURSHUWLHV���7KH�&$9�XSSHU�KXOO�ODPLQDWH�LV
OD\HUHG�LQWR�IRXU�HOHPHQW�OD\HUV�����D�JODVV�HSR[\�LQQHU�KXOO�OD\HU�����D�UXEEHU�OD\HU�����D
WLOH� OD\HU�� DQG���� DQ�RXWHU� JODVV�HSR[\� OD\HU�� �7KH� OD\HUV� DUH� WLHG� WRJHWKHU� LQ� WKH�PRGHO
ZLWK�PXOWL�SRLQW� FRQVWUDLQW� �03&��HTXDWLRQV� WKDW� HQIRUFH� GLVSODFHPHQW� FRPSDWLELOLW\� DW
WKH� OD\HU� LQWHUIDFHV�� � &RQWLQXLW\� UHTXLUHV� WKDW� WKH� GLVSODFHPHQWV� RQ� ERWK� VLGHV� RI� WKH
FRPPRQ�LQWHUIDFH�EHWZHHQ�WZR�UHJLRQV�EH�HTXDO���03&
V�GR�QRW�PRGHO�WKH�VWLIIQHVV�RI�WKH
DGKHVLYH� JDS�� WKH\� PRGHO� WKH� FRPSDWLELOLW\� RI� GLVSODFHPHQWV� DW� WKH� ERXQGDU\� VXUIDFH
VHSDUDWLQJ� WZR� DUELWUDU\� UHJLRQV�� � 8VLQJ� WKH� 0LQGOLQ�5HLVVQHU� NLQHPDWLF� HTXDWLRQV� RI
)6'7��WKH�FRPSDWLELOLW\�HTXDWLRQV�DW�DQ�LQWHUIDFH�DUH

XO

[
X

W
X

[
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W
O

\
X
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X

\
O
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O

ZZ

YY

XX

XO

XO

=

+=-
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qq

qq

��

��

(1)

ZKHUH�XX�DQG�XO�DUH�WKH�GLVSODFHPHQWV�RI�WKH�OD\HUV�DERYH�DQG�EHORZ�WKH�LQWHUIDFH��DQG�qX

DQG�qO�DUH�WKH�URWDWLRQV�RI�WKH�OD\HUV�DERYH�DQG�EHORZ�WKH�LQWHUIDFH��UHVSHFWLYHO\��DV�VKRZQ
LQ�)LJ����

-qX

-qO

XO

XX

8SSHU�OD\HU

/RZHU�OD\HU

)LJXUH��� 0XOWL�3RLQW�&RQVWUDLQWV�FRQVLVWDQW�ZLWK�WKH�0LQGOLQ�5HLVVQHU�NLQHPDWLFV�RI
)6'7�DUH�XVHG�WR�HQIRUFH�GLVSODFHPHQW�FRQWLQXLW\�DW�WKH�LQWHUIDFH�EHWZHHQ
WZR�ERQGHG�OD\HUV���7KH�GLVSODFHPHQWV�DW�WKH�LQWHUIDFH�DUH�IXQFWLRQV�RI�WKH
WUDQVODWLRQ�FRPSRQHQW��X��WKH�URWDWLRQ��q��DQG�WKH�WKLFNQHVV�RI�WKH�OD\HU��W�

0RVW� ILQLWH� HOHPHQW� FRGHV� UHTXLUH� WKH� VHSDUDWLRQ� RI� WKH� GHJUHHV� RI� IUHHGRP� LQWR
GHSHQGHQW�DQG�LQGHSHQGHQW�GHJUHHV�RI�IUHHGRP�XL�DQG�XG��UHVSHFWLYHO\���7KH�VHSDUDWLRQ�LV
DFKLHYHG�E\�SDUWLWLRQLQJ�WKH�FRQVWUDLQW�HTXDWLRQ�PDWUL[�DV

[ ] LLGG

G

L

GL X00X
X

X
00 �
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(2)

)RU�LQVWDQFH��DIWHU�VHSDUDWLRQ�RI�WKH�GHSHQGHQW�DQG�LQGHSHQGHQW�GHJUHHV�RI�IUHHGRP��WKH�[�
GLUHFWLRQ�03&¶V�IRU�D�IRXU�OD\HU�PRGHO�FDQ�EH�ZULWWHQ�DV
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(3)

(OHPHQW� OD\HULQJ� LQWURGXFHV� WZR� DGGLWLRQDO� GHJUHHV� RI� IUHHGRP� SHU� QRGH� IRU� HDFK
DGGLWLRQDO� OD\HU�� � ,I� D� FRQYHQWLRQDO�PRGHO�KDV� VL[� GHJUHHV� RI� IUHHGRP�SHU� QRGH�� D� WZR�
OD\HU�PRGHO� KDV� HLJKW�� DQG� D� IRXU�OD\HU�PRGHO� KDV� WZHOYH�� � 1RWH� WKDW� HOHPHQW� OD\HULQJ
GRHV�QRW� UHTXLUH�6&)V� VLQFH� WKH� WUDQVYHUVH� VKHDU�GLVWULEXWLRQ� LV�QHDUO\� FRQVWDQW� LQ� HDFK
OD\HU���7KLV�REVHUYDWLRQ�LV�HVSHFLDOO\�WUXH�IRU�WKH�WKLQ�UXEEHU�OD\HU�QHDU�WKH�FHQWHU�RI�WKH
&$9�ODPLQDWH�

$� FRPSDULVRQ� EHWZHHQ� WKH� UHVXOWV� IRU� D� OD\HUHG�PRGHO� DQG� IRU� D� WKUHH�GLPHQVLRQDO
��'��PRGHO�LQ�EHQGLQJ�LV�VKRZQ�LQ�)LJ������7KH�OHIW�SRUWLRQ�RI�WKH�ILJXUH�VKRZV�WKUHH�IRXU�
OD\HU� VKHOO� PRGHOV� RI� DQ� ���FP�ORQJ� SODWH� ZLWK� YDU\LQJ� VXSSRUW� VSDQV�� /V�� � 7KH� ULJKW
SRUWLRQ�RI�WKH�ILJXUH�VKRZV�WKH�FRUUHVSRQGLQJ��'�PRGHO���7KH�DJUHHPHQW�EHWZHHQ�WKH�WZR
W\SHV�RI�PRGHOV�LV�H[FHOOHQW�IRU�DOO�WKUHH�VXSSRUW�VSDQV�

�'�PRGHOV)RXU�OD\HU�PRGHOV

/V �����FP

3

/V �����FP

/V ���FP

)LJXUH��� 6LPXODWHG� EHDP� LQ� EHQGLQJ�� � 5HVXOWV� IURP� IRXU�OD\HU� PRGHOV� LQGLFDWH
H[FHOOHQW� DJUHHPHQW�ZLWK� WKUHH�GLPHQVLRQDO�PRGHOV� DW� D� VPDOO� IUDFWLRQ� RI
WKH�FRPSXWDWLRQDO�FRVW�

$� FRPSRVLWH� DUPRUHG� YHKLFOH� LV� GHVLJQHG�ZLWK� D� QXPEHU� RI� VWUXFWXUDO� IHDWXUHV� WKDW
PD\�UHVWUDLQ�WUDQVYHUVH�VKHDULQJ�DW�WKH�IUHH�HGJHV�RI�WKH�ODPLQDWHV���8QOLNH�D�VLPSOH�WKUHH�
SRLQW�EHQGLQJ� WHVW�� IHZ� HGJHV� RI� WKH� YHKLFOH� DUH� XQUHVWUDLQHG�� � 7KH� FRPSRQHQWV� DUH
W\SLFDOO\�ERQGHG�DQG�EROWHG� WRJHWKHU�� DQG� WKH\�SRVVHVV�EXLOW�LQ�FRUQHUV�� �(YHQ� WKH� ODUJH
FLUFXODU�WXUUHW�RSHQLQJ�RQ�WKH�URRI�LV�UHLQIRUFHG�ZLWK�D�VWHHO�DQG�DOXPLQXP�WXUUHW�EHDULQJ�
,Q�D�FRQYHQWLRQDO�VKHOO�EDVHG�ILQLWH�HOHPHQW�DQDO\VLV��WKHUH�LV�QR�PHFKDQLVP�IRU�DSSO\LQJ
HQG�³FDS´�UHVWUDLQWV�WKDW�SUHYHQW�VKHDU�GHIRUPDWLRQV�DW�WKH�HQGV���,Q�HOHPHQW�OD\HUHG�DQG
�'�PRGHOV��WKHUH�LV�VXIILFLHQW�WKURXJK�WKH�WKLFNQHVV�NLQHPDWLF�IUHHGRP�WR�DSSO\�HQG�FDS
UHVWUDLQWV�� $QDO\VLV� VKRZV� WKDW� DQ� ���FP�ORQJ� &$9� SDQHO� ZLWK� HQG�FDS� UHVWUDLQWV
VXEMHFWHG� WR� WKUHH�SRLQW� EHQGLQJ� LV� ���� VWLIIHU� WKDQ� WKH� VDPH� SDQHO� ZLWKRXW� HQG�FDS
UHVWUDLQWV��

7KH� JUDSKV� VKRZQ� LQ� )LJ�� �� VXPPDUL]H� WKH� UHVXOWV� RI� WKUHH� PRGHOLQJ� WHFKQLTXHV
DSSOLHG�WR�D�SDQHO�VXEMHFWHG�WR�WKUHH�SRLQW�EHQGLQJ�ORDGV�ZLWK�YDU\LQJ�VXSSRUW�VSDQV���7KH
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/��PRGHOV� FRQVLVW� RI� FRQYHQWLRQDO�� VLQJOH�OD\HU� VKHOO�PRGHOV�ZLWK� D�6&)�RI�����RU�����
(QG�FDS�UHVWUDLQWV�FDQQRW�EH�DSSOLHG�WR�/��PRGHOV���7KH�/��PRGHOV�FRQVLVW�RI�IRXU�OD\HU
VKHOO� PRGHOV� ZLWK� DQG� ZLWKRXW� HQG�FDS� UHVWUDLQWV�� � 7KH� �'� PRGHOV� UHIHU� WR� WKUHH�
GLPHQVLRQDO� PRGHOV� ZLWK� DQG� ZLWKRXW� HQG�FDS� UHVWUDLQWV�� � 7KH� UHVXOWV� VKRZ� WKH
QRUPDOL]HG� VWLIIQHVV� RI� WKH� SODWH� DV� D� IXQFWLRQ� RI� VXSSRUW� VSDQ� OHQJWK�� � 7KH� UHVXOWV� DUH
QRUPDOL]HG�E\�WKH�GHIOHFWLRQ�IURP�EHDP�WKHRU\��3/����(,��ZKHUH�(,�LV�WKH�³HTXLYDOHQW´
IOH[XUDO�ULJLGLW\�RI�WKLV� ODPLQDWH�� �7KH�DJUHHPHQW�EHWZHHQ�WKH�UHVXOWV�IRU� WKH�/��DQG��'
PRGHOV� LV� H[FHOOHQW�� DV� LQGLFDWHG� E\� WKH� FRUUHODWLRQ� EHWZHHQ� UHVXOWV� LQ� WKH� ILJXUH�� � 7KH
UDQJH�EHWZHHQ�WKH�UHVXOWV�IRU�WKH�PRGHOV�ZLWK�DQG�ZLWKRXW�HQG�FDS�UHVWUDLQWV�LQGLFDWHV�WKH
XQFHUWDLQW\�RI� WKH�GHJUHH�RI� UHVWUDLQW� WKDW�PD\�EH�SUHVHQW� DW� DQ\� UHLQIRUFHG� HGJH� RI� WKH
YHKLFOH�

0

0.5

1

1.5

2

2.5

3

15 20 25 30 35 40 45

L  , cm.s

Models L1
with SCF=0.1

Models L1
with SCF=0.3

CLT (beam theory)

Models L4
Models 3D

Models L4
Models 3D

with no end cap

with end cap

Test with no end caps
wmax

PL
48 EI

3
*

)LJXUH��� 1RUPDOL]HG� SODWH� VWLIIQHVV� DV� D� IXQFWLRQ� RI� VXSSRUW� VSDQ� KDOI�OHQJWK�� � /�
UHSUHVHQWV�D�VLQJOH�OD\HU�PRGHO�DQG�/��UHSUHVHQWV�D�IRXU�OD\HU�PRGHO�

7R�LPSURYH�RQ�WKH�XVHIXOQHVV�RI�WKH�PHWKRG��WKH�HOHPHQW�OD\HULQJ�PRGHOLQJ�SURFHGXUH
ZDV� DXWRPDWHG� WR� WUDQVIRUP� FRQYHQWLRQDO� VKHOO� PRGHOV� LQWR� PXOWL�OD\HUHG� PRGHOV�� � $
)2575$1�SURJUDP�ZDV�GHYHORSHG�WR�UHDG�LQ�WKH�LQIRUPDWLRQ�GHILQLQJ�WKH�QRGHV��HOHPHQW
FRQQHFWLYLWLHV�DQG�VHFWLRQ�SURSHUWLHV�RI�D�VKHOO�PRGHO��DQG�WR�FUHDWH�DXWRPDWLFDOO\�WKH�QHZ
QRGH� ORFDWLRQV�� HOHPHQWV�� VHFWLRQ� SURSHUWLHV� DQG� 03&V� RI� WKH� FRUUHVSRQGLQJ� OD\HUHG
PRGHO���'HFLVLRQV�VXFK�DV�WKH�QXPEHU�RI�OD\HUV�RU�WKLFNQHVVHV�RI�HDFK�OD\HU�DUH�PDGH�E\
WKH�SURJUDP�EDVHG�RQ� WKH� VHFWLRQ�SURSHUWLHV�RI� WKH�HOHPHQWV� LQ� WKH�RULJLQDO�PRGHO�� �$Q
H[DPSOH�RI�D�PXOWL�OD\HUHG�KDOI�PRGHO�RI�WKH�WHVW�VSHFLPHQ�RI�WKH�UHDU�VHFWLRQ�RI�WKH�&$9
LV� VKRZQ� LQ� )LJ�� ���� � 7KH� UHVXOWV� RI� WKH� DQDO\VLV� FRQGXFWHG� ZLWK� WKLV� PRGHO� DQG� WKH
FRUUHODWLRQ�ZLWK�H[SHULPHQW�DUH�SUHVHQWHG�LQ�5HIHUHQFH���
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2QH�OD\HU�DOXPLQXP

)RXU�OD\HU�FRPSRVLWH

6L[�OD\HU�DOXPLQXP�FRPSRVLWH
FORVHRXWV

)LJXUH���� 0XOWL�OD\HUHG� KDOI�PRGHO� RI� WKH� UHDU� VHFWLRQ� RI� WKH� &$9�� � 0HWDOOLF
FRPSRQHQWV�DUH�PRGHOHG�ZLWK�RQH�HOHPHQW� OD\HU�� �&RPSRVLWH� VHFWLRQV�DUH
PRGHOHG�ZLWK�IRXU�RU�VL[�HOHPHQW�OD\HUV�

4.  Substructuring of Periodic Structures

7KH� EDVLF� FRQFHSW� RI� VXEVWUXFWXULQJ� FRQVLVWV� RI� VHSDUDWLQJ� D� PRGHO� LQWR� SDUWV�� DQG
HOLPLQDWLQJ�DOO�GHJUHHV�RI�IUHHGRP�H[FHSW�IRU�WKRVH�QHHGHG�WR�FRQQHFW�WKH�SDUWV�WR�WKH�UHVW
RI�WKH�PRGHO�� �$�UHGXFHG�SDUW�DSSHDUV�LQ�WKH�PRGHO�DV�D�³VXSHUHOHPHQW�´�D�FROOHFWLRQ�RI
QRGHV� DQG� GHJUHHV� RI� IUHHGRP� FRQQHFWHG� E\� WKH� VXSHUHOHPHQW¶V� VWLIIQHVV� DQG� PDVV
PDWULFHV���7KH�UHGXFHG�VWLIIQHVV�PDWUL[�LV�HDVLO\�GHULYHG�E\�SDUWLWLRQLQJ�WKH�PDWUL[�RI�WKH
VXEVWUXFWXUH� LQWR� WKH� WHUPV� WKDW�PXOWLSO\� WKH� UHWDLQHG�GHJUHHV�RI� IUHHGRP��XU�� DQG� WKRVH
WKDW�PXOWLSO\�WKH�FRQGHQVHG��HOLPLQDWHG��GHJUHHV�RI�IUHHGRP��XF��DV�IROORZV�
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.. (4)

)URP�WKH�ILUVW�HTXDWLRQ��XF�FDQ�EH�H[WUDFWHG�LQ�WHUPV�RI�WKH�UHWDLQHG�GHJUHHV�RI�IUHHGRP��XU

( )
UFUFFFF

X.3.X -=

-� (5)

Substituting into the second line of Eq. 4 gives

( )
UUUUUFUFFFUF
3X.X.3.. =+-

-� (6)

Rearranging the terms in Eq. 6 gives the condensed stiffness K*

ÔÓ
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Ñ
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FUFFUFUU
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3..33

.....
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�

�

 ZKHUH (7)

6XEVWUXFWXULQJ� LQWURGXFHV� QR� DGGLWLRQDO� DSSUR[LPDWLRQ� LQ� VWDWLF� DQDO\VLV�� WKH
VXSHUHOHPHQW� LV� DQ� H[DFW� UHSUHVHQWDWLRQ� RI� WKH� OLQHDU�� VWDWLF� EHKDYLRU� RI� LWV� PHPEHUV�
+RZHYHU��WKH�IRUPDWLRQ�RI�WKH�PDWUL[�.�DQG�WKH�UHGXFHG�ORDG�YHFWRU�3�DUH�REWDLQHG�DW�D
FRPSXWDWLRQDO�FRVW�HTXLYDOHQW�WR�WKDW�RI�SHUIRUPLQJ�D�*DXVVLDQ�HOLPLQDWLRQ�RI�WKH�GHJUHHV
RI� IUHHGRP� XF� IURP� WKH� IXOO� PRGHO¶V� DVVHPEOHG� VWLIIQHVV� PDWUL[�� � ,Q� RWKHU� ZRUGV�� QR
EHQHILW� LV� DFKLHYHG� IURP� VWDWLF� FRQGHQVDWLRQ� XQOHVV� WKH� VXSHUHOHPHQW� FDQ� EH� UH�XVHG� LQ
VXEVHTXHQW�DQDO\VHV�RU�VXEVWUXFWXUHV�
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2QFH� WKH� V\VWHP¶V� VROXWLRQ� KDV� EHHQ� REWDLQHG�� LW� LV� SRVVLEOH� WR� UHFRYHU� WKH� LQWHUQDO
UHVSRQVH�RI� WKH�VXSHUHOHPHQW��SURYLGHG� WKDW�DOO� WHUPV� LQ�(T����DUH�VDYHG� LQ� WKH� VROXWLRQ
GDWDEDVH��

6XSHUHOHPHQWV�RIIHU�D�QXPEHU�RI�DGYDQWDJHV��VRPH�RI�ZKLFK�DUH�LPSRUWDQW�IRU�&$9
DQDO\VHV��VXFK�DV�

�� 6\VWHP�PDWULFHV��VWLIIQHVV��PDVV��DUH�VPDOO�DV�D�UHVXOW�RI�FRQGHQVDWLRQ���2QO\�WKH
VXSHUHOHPHQW¶V�UHWDLQHG�GHJUHHV�RI�IUHHGRP�DUH�XVHG�LQ�WKH�DQDO\VLV�

�� 'XSOLFDWLRQ�LQ�WKH�IRUPDWLRQ�RI�WKH�VXEVWUXFWXUH¶V�VWLIIQHVV�LV�HOLPLQDWHG�ZKHQ�WKH
VDPH�VXSHUHOHPHQW�LV�UH�XVHG�

�� 6XSHUHOHPHQW�OLEUDU\�ILOHV�DOORZ�DQDO\VWV�WR�VKDUH�VXSHUHOHPHQWV���,Q�ODUJH�GHVLJQ
SURMHFWV�� ODUJH� JURXSV� RI� HQJLQHHUV�PXVW� RIWHQ� FRQGXFW� DQDO\VHV� XVLQJ� WKH� VDPH
VXEVWUXFWXUHV�� � 6XSHUHOHPHQW� OLEUDU\� ILOHV� SURYLGH� D� VWUDLJKWIRUZDUG� DQG� VLPSOH
ZD\�RI�VKDULQJ�VWUXFWXUDO�LQIRUPDWLRQ�

�� 7KH� WDVN� RI�PRGHOLQJ� FDQ� EH� VLPSOLILHG� E\� LQFOXGLQJ� LQWULFDWH� GHWDLOV� LQVLGH� WKH
VXSHUHOHPHQW���)RU�LQVWDQFH��WKH�VPDOO�DGKHVLYH�JDS�DURXQG�D�FHUDPLF�WLOH�GRHV�QRW
QHHG�WR�EH�PRGHOHG�ZKHQ�XVLQJ�VXSHUHOHPHQWV�

7KH� IROORZLQJ� OLVW� LWHPL]HV� VRPH� RI� WKH� PDLQ� OLPLWDWLRQV� LPSRVHG� E\� WKH� XVH� RI
VXSHUHOHPHQWV

�� 6XSHUHOHPHQWV� DUH� OLQHDU� RU� D� OLQHDU� SHUWXUEDWLRQ� DERXW� D� QRQOLQHDU� VWDWH�� � ,Q� D
QRQOLQHDU� DQDO\VLV�� WKH� VWLIIQHVV� LV� D� IXQFWLRQ� RI� WKH� DFFXPXODWHG� GLVSODFHPHQWV�
ZKLFK�YDU\�IURP�HOHPHQW�WR�HOHPHQW���7KHUHIRUH��HYHQ�LGHQWLFDO�VXSHUHOHPHQWV�QR
ORQJHU�KDYH�WKH�VDPH�VWLIIQHVV�PDWUL[�

�� '\QDPLF�VROXWLRQV�DUH�DSSUR[LPDWH��WKH�VWDWLF�PRGHV�REWDLQHG�E\�D�UHGXFHG�VHW�RI
UHWDLQHG�QRGHV�PD\�QRW� IXOO\� UHSUHVHQW� WKH�G\QDPLF� UHVSRQVH�� �0HWKRGV� WKDW� DUH
XVHG� WR� LPSURYH� WKH� DFFXUDF\� RI� VXSHUHOHPHQWV� LQ� G\QDPLF� DQDO\VHV� LQFOXGH
*X\DQ�UHGXFWLRQ�DQG�PRGH�DXJPHQWDWLRQ�SURFHGXUHV����'\QDPLF�VROXWLRQV�DUH�QRW
FRQVLGHUHG�LQ�WKLV�SDSHU�

�� 7KH�ODUJH�QXPEHU�RI�GHJUHHV�RI�IUHHGRP�RI�D�VLQJOH�VXSHUHOHPHQW�FDXVHV�D� ODUJH
EDQGZLGWK�� DQG� KLJKO\� SRSXODWHG� PDWULFHV� WKDW� FDQ� PLWLJDWH� VRPH� RI� WKH
FRPSXWDWLRQDO�DGYDQWDJHV�RI� VXSHUHOHPHQWV�� � -XGLFLRXV� VHOHFWLRQ�RI� WKH� VL]H� DQG
QXPEHU�RI�VXSHUHOHPHQWV�FDQ�LQFUHDVH�FRPSXWDWLRQDO�SHUIRUPDQFH�

�� 7KHUH�LV�QR�SUH�SURFHVVRU�VXSSRUW�IRU�WKH�FUHDWLRQ�RI�VXSHUHOHPHQW�PRGHOV�

�����6XSHUHOHPHQW�0RGHOV�DQG�$QDO\VHV�RI�WKH�&$9�8SSHU�+XOO

7KH� FDSDELOLWLHV� RI� VXSHUHOHPHQW� PRGHOV� DQG� DQDO\VHV� LQ� FRPPHUFLDOO\� DYDLODEOH
FRGHV�ZHUH�VWXGLHG�LQ�WKH�FRXUVH�RI�WKLV�LQYHVWLJDWLRQ���%HFDXVH�RI�LWV�XVDJH�VLPSOLFLW\��LWV
FRPSXWDWLRQDO�HIILFLHQF\��DQG�LWV�VXLWDELOLW\� WR�&$9�XSSHU�KXOO�DQDO\VHV��$%$486�ZDV
VHOHFWHG�IRU�WKH�SUHVHQW�VWXG\��6HH�5HI�����

6XSHUHOHPHQWV� DUH� XVHG� LQ�$%$486� LQ�PXFK� WKH� VDPH�ZD\� DV� DQ\� RWKHU� HOHPHQW�
7KLV� SURFHGXUH� UHTXLUHV� WKDW� WKH� FRQQHFWLYLW\� RI� WKH� VXSHUHOHPHQW� EH� VSHFLILHG� LQ� WKH
VHTXHQFH� LQ�ZKLFK� WKH� VXSHUHOHPHQW�ZDV� GHILQHG�� �8QIRUWXQDWHO\�� WKHUH� LV� QR� JUDSKLFDO
SUH�SURFHVVRU� WKDW� FXUUHQWO\� VXSSRUWV� VXSHUHOHPHQWV�� DQG� HVWDEOLVKLQJ� WKH� VXSHUHOHPHQW
FRQQHFWLYLWLHV� IRU� D� FRPSOH[� PRGHO� ZLWKRXW� SUH�SURFHVVRU� VXSSRUW� LV� LPSUDFWLFDO�� � ,Q
SDUWLFXODU�� WR� FUHDWH� D� VXSHUHOHPHQW�PRGHO�� D� SUH�SURFHVVRU�PXVW� DW� OHDVW� EH� DEOH� WR�� L�
UHSUHVHQW�D� VXSHUHOHPHQW�� LL�� FORQH�D� VXSHUHOHPHQW�DQG�SRVLWLRQ� WKH� LPDJH� LQ� WKH�PRGHO
ZLWK�VSHFLILHG�WUDQVODWLRQV�DQG�URWDWLRQV��DQG�LLL��H[SRUW�WKH�VXSHUHOHPHQWV�LQ�WKH�IRUP�RI
WKH� DSSURSULDWH� ILQLWH� HOHPHQW� LQSXW� ILOHV�� �7KH� DEVHQFH�RI� WKHVH�QHFHVVDU\� IHDWXUHV�ZDV
RYHUFRPH�LQ�06&�3$75$1��ZLWK�WKH�XVH�RI�PDVWHUHOHPHQWV�DQG�D�FXVWRP�3$75$1�WR�
$%$486� WUDQVODWRU���� ���� ��� �0DVWHUHOHPHQWV� DUH� QRWKLQJ�PRUH� WKDQ� WULDQJXODU� DQG� EDU
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HOHPHQWV� DUUDQJHG� LQ� D� SDWWHUQ� WKDW� VLPXODWHV� D� VXSHUHOHPHQW�� � 7KH� WULDQJXODU� HOHPHQWV
FRQQHFW�DOO� WKH� UHWDLQHG�QRGHV�DORQJ� WKH�SHULSKHU\�RI� WKH� VXSHUHOHPHQW�� DV� LOOXVWUDWHG� LQ
)LJ�� ���� � 7KH� VSHFLDOL]HG� WUDQVODWRU� GHWHUPLQHV� WKH� FRQQHFWLYLW\� RI� D� VXSHUHOHPHQW� E\
JURXSLQJ�DQG�VRUWLQJ�DOO� WKH�QRGHV�EHORQJLQJ�WR�WKH�VDPH�VXSHUHOHPHQW��DQG�H[SRUWV� WKH
UHVXOWV�LQ�WKH�IRUP�RI�DQ�$%$486�LQSXW�GHFN�

7KH�PRVW�HIILFLHQW�PHWKRG�RI�ZRUNLQJ�ZLWK�VXSHUHOHPHQWV�LV�WR�SUH�GHILQH�OLEUDULHV�RI
FRPSDWLEOH� HOHPHQWV� WKDW� FDQ� EH� UHXVHG� LQ� VLPLODU� DQDO\VHV�� � )RU� LQVWDQFH�� WKH� SUHVHQW
VWXG\�LV�EDVHG�RQ�WKUHH�OLEUDULHV�RI�HOHPHQWV��/��5���)LJ�������/��5���DQG��'�5���)LJ�����
�6HH� 5HIV�� ��� ���� DQG� ����� � 7KH� OHWWHU� /� LQGLFDWHV� D� VXSHUHOHPHQW� EDVHG� RQ� HOHPHQW
OD\HULQJ�� IROORZHG� E\� WKH� QXPEHU� RI� OD\HUV� XVHG�� � 7KH� QRWDWLRQ� �'� LQGLFDWHV� D
VXSHUHOHPHQW� EDVHG� RQ� VROLG� FRQWLQXXP� HOHPHQWV�� � 7KH� QXPEHU� IROORZLQJ� WKH� OHWWHU�5
LQGLFDWHV� WKH� OHYHO�RI�PHVK� UHILQHPHQW�� �7KH� ORZHVW� OHYHO�RI�PHVK� UHILQHPHQW��5���XVHV
WKUHH�HOHPHQWV�DORQJ�WKH�VLGH�RI�RQH�TXDUWHU�RI�WKH�WLOH��ZKLOH�5��XVHV�HLJKW���(DFK�RI�WKH
WKUHH�OLEUDULHV�LV�FRPSRVHG�RI�WKUHH�VXSHUHOHPHQWV��D�IXOO�WLOH�ZLWK�KDOI�RI�WKH�VXUURXQGLQJ
DGKHVLYH� JDS�� D� KDOI� WLOH�� DQG� D� TXDUWHU� WLOH�� � )RU� WKH� XVHU¶V� PRGHOLQJ� FRQYHQLHQFH�
3$75$1�WHPSODWHV�DUH�SURYLGHG�IRU�HDFK�RI�WKH�VXSHUHOHPHQW�OLEUDULHV�

���3ULPDU\�VXEVWUXFWXUH
�������������������WLOH�XQLW�FHOO�

���3$75$1�PRGHO

���$%$486�PRGHO

7ULDQJOHV

$GKHVLYH

7LOH

&XVWRP
PDVWHUHOHPHQW

WUDQVODWRU

5HWDLQHG
QRGHV

0DVWHUHOHPHQW

6XSHUHOHPHQW

)LJXUH����7ULDQJOHV� DQG� EDUV� DUH� XVHG� WR� UHSUHVHQW� DQG� FORQH� VXSHUHOHPHQWV� XVLQJ
3$75$1�� � $� VSHFLDOL]HG� WUDQVODWRU� VRUWV� WKH� QRGHV� DQG� ZULWHV� WKH
FRUUHVSRQGLQJ�$%$486�LQSXW�ILOH�

7KH�HOHPHQW�OD\HUHG�OLEUDULHV�/��5��DQG�/��5��DUH�DPRQJ�WKH�PRVW�FRPSXWDWLRQDOO\
HIIHFWLYH� PHVKHV� WKDW� FDQ� EH� XVHG� WR� SUHGLFW� WKH� UHVSRQVH� RI� WLOH�UHLQIRUFHG� ODPLQDWHV�
7KH\�GHULYH� WKHLU� HIILFLHQF\� IURP� WKH� XVH� RI� HOHPHQW� OD\HULQJ�ZLWK� IRXU� OD\HUV� RI� VKHDU
GHIRUPDEOH���QRGH�TXDGULODWHUDO�$%$486�VKHOO�HOHPHQWV��6�5��WLHG�WRJHWKHU�ZLWK�PXOWL�
SRLQW�FRQVWUDLQWV���:KLOH�WKHVH�FRQVWUDLQWV�FDQ�EH�GLIILFXOW�WR�ZULWH��WKH\�DUH�LQWHUQDO�WR�WKH
VXSHUHOHPHQWV���7KHUHIRUH��WKH�FRQVWUDLQWV�DUH�WRWDOO\� LQYLVLEOH�WR�WKH�XVHU�RI�SUH�GHILQHG
VXSHUHOHPHQW�OLEUDULHV�
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+DOI�WLOH

)XOO�WLOH

+DOI�WLOH

7RS�YLHZ

6LGH�YLHZ

j �� j ���

j ���� j ���� 

j �� j ���

6WDFN�EDU

2ULHQWDWLRQ
EDU)XOO�WLOH

6XEVWUXFWXUH 0DVWHUHOHPHQW��3$75$1�

4XDUWHU�WLOH 4XDUWHU�WLOH
$GKHVLYH
JDS

03&V

6�5��HOHPHQWV

)LJXUH���� 6XSHUHOHPHQW�OLEUDU\�/��5��LV�FRPSRVHG�RI�TXDUWHU�WLOH��KDOI�WLOH��DQG�IXOO�
WLOH� VXSHUHOHPHQWV�� � 7KH� FRUUHVSRQGLQJ� 3$75$1� WHPSODWH� KDV
PDVWHUHOHPHQWV�FRUUHVSRQGLQJ�WR�HDFK�RI�WKHVH�WKUHH�VXSHUHOHPHQWV�

)XOO�WLOH )XOO�WLOH

4XDUWHU�WLOH

+DOI�WLOH +DOI�WLOH

j �� j ���

j ���� j ����

j �� j ���

4XDUWHU�WLOH$GKHVLYH�JDS

5XEEHU
*ODVV�HSR[\

7LOH

�'��5�HOHPHQWV

6XEVWUXFWXUHV 0DVWHUHOHPHQWV��3$75$1�

)LJXUH���� 6XSHUHOHPHQW� OLEUDU\� �'�5�� XVHV� WKUHH�GLPHQVLRQDO� HOHPHQWV�� � 7KH
PDVWHUHOHPHQWV��KRZHYHU��VWLOO�XVH�WULDQJOHV�WR�UHSUHVHQW�WKH�VXSHUHOHPHQWV
LQ�3$75$1�

�������(OHPHQW�/D\HUHG�%HQFKPDUN�$QDO\VLV

&RPSDUDWLYH�DQDO\VHV�RI�WKH�PRGHOV�VKRZQ�LQ�)LJ�����ZHUH�SHUIRUPHG�XVLQJ�VWDQGDUG
HOHPHQWV�DQG�XVLQJ�VXSHUHOHPHQWV���%RWK�PRGHOV�DUH�EDVHG�RQ�HOHPHQW�OD\HULQJ�DQG�WKHLU
PHVK� UHILQHPHQW� LV� WKH� VDPH�� �7KH� SDQHO� GLPHQVLRQV� DUH� �� WLOHV� E\� �� WLOHV�� DQG� WKH� WLOH
SODFHPHQW�SDWWHUQ�LV�VKRZQ�LQ�)LJ�������7KH�DSSOLHG�ORDG�LV�����N1���7KH�FRPSOH[LW\�RI
WKLV� EHQFKPDUN� SUREOHP�ZDV� VHOHFWHG� EDVHG� RQ� WKH� FRPSXWDWLRQDO� FRVW� RI� WKH� VWDQGDUG
PRGHO���7KH�PHVK�UHILQHPHQW�LV�UHODWLYHO\�ORZ��ZLWK�HOHPHQWV�LQ�WKH�JDS�UHJLRQ�SRVVHVVLQJ
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DVSHFW� UDWLRV� DV� KLJK� DV� ���WR���� � $� PRUH� UHILQHG� PHVK�� D� ODUJHU� SDQHO�� RU� D� WKUHH�
GLPHQVLRQDO� PRGHO� ZRXOG� KDYH� UHVXOWHG� LQ� DQ� LPSUDFWLFDOO\� ODUJH� FRQYHQWLRQDO� PRGHO�
7KH�VWDQGDUG�PRGHO�XVHV��������PXOWL�SRLQW�FRQVWUDLQW�HTXDWLRQV��03&V����7KH�03&V�LQ
WKH� VXSHUHOHPHQW�PRGHO�DUH� LQWHUQDO� WR� WKH� VXSHUHOHPHQW� DQG�� WKHUHIRUH�� LQYLVLEOH� WR� WKH
XVHU�

6WDQGDUG�PRGHO
�(OHPHQW�OD\HUHG�

6XSHUHOHPHQW�PRGHO

6LPSOH�VXSSRUWV

/LQH�ORDG

�����FP�����FP

�������03&V

)LJXUH����&RPSDUDWLYH� DQDO\VHV�RI�&$9�W\SH� FRPSRVLWH� DUPRUHG�SODWH� VXEMHFWHG� WR
WKUHH�SRLQW�EHQGLQJ�

7KH�UHVXOWV�RI�WKH�FRPSDUDWLYH�VWXG\�DUH�VKRZQ�LQ�7DEOH�����$V�H[SHFWHG��WKH�UHVXOWV
IRU� ERWK� DQDO\VHV� DUH� LGHQWLFDO�� � +RZHYHU�� WKH� VXSHUHOHPHQW� VROXWLRQ� ZDV� REWDLQHG� LQ
����WK�RI�WKH�WLPH�QHHGHG�IRU�WKH�UHIHUHQFH�VROXWLRQ���7KH�UHGXFWLRQ�LQ�VROXWLRQ�WLPH�LV�QRW
RQO\�WKH�UHVXOW�RI�D�UHGXFHG�QXPEHU�RI�HTXDWLRQV��EXW�LV�DOVR�GXH�WR�WKH�UHGXFWLRQ�LQ�WKH
&38� WLPH� UHTXLUHG� WR� IRUP� DQG� DVVHPEOH� WKH� SUREOHP¶V� VWLIIQHVV�PDWUL[�� �:KHQ� XVLQJ
VXSHUHOHPHQWV��WKH�VWLIIQHVV�PDWULFHV�DUH�VWRUHG�LQ�VROXWLRQ�GDWDEDVH�OLEUDULHV��DQG�GR�QRW
QHHG�WR�EH�UH�IRUPHG�

$QRWKHU� ODUJH� GLIIHUHQFH� EHWZHHQ� WKH� WZR� DQDO\VHV� LV� WKH� WRWDO� ILOH� VL]H� XVHG� E\
$%$486���7KH�VWDQGDUG�DQDO\VLV�XVHV�������WLPHV�PRUH�GLVN�VSDFH�EHFDXVH�WKH�SUREOHP
LV� WRR� ELJ� WR� ILW� LQWR� WKH�PHPRU\� RI� WKH�ZRUNVWDWLRQ� XVHG� IRU� WKH� DQDO\VLV�� � 7KHUHIRUH�
$%$486�QHHGV�D�VZDS�ILOH�WR�VROYH�WKH�V\VWHP�RI�HTXDWLRQV�

Table 1. Comparison of analysis using conventional elements and superelements.

Standard Model Superelement Model
Maximum deflection, cm. 1.11 1.11
Number of nodes 6,068 1,664
Number of equations 36,408 6,135
RMS wavefront 932 813
Total File size, MB 354 0.1
CPU model definition, sec. 374 14
Solution, sec. 303 43
TOTAL CPU time, sec. 677 57
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�������&$9�$QDO\VHV�DQG�3RVW�SURFHVVLQJ�([DPSOHV

$� FRPSDULVRQ� RI� WKH� UHVXOWV� IRU� DQ� ���FP�ORQJ�� �����FP�ZLGH� SDQHO� VXEMHFWHG� WR
WKUHH�SRLQW�EHQGLQJ� ORDGV� XVLQJ� WKUHH� VXSHUHOHPHQW� OLEUDULHV� LV� VKRZQ� LQ�7DEOH� ��� �7KH
DSSOLHG�ORDG�LV�����N1��DQG�WKH�VSDQ�EHWZHHQ�VXSSRUWV�LV������FP���7KH�UHVXOWV� LQGLFDWH
WKDW� WKH� PRGHO� XVLQJ� HOHPHQW� OLEUDU\� /��5�� LV� RQO\� ����� VWLIIHU� WKDQ� WKH� PRGHO� ZLWK
HOHPHQW� OLEUDU\� /��5��� HYHQ� WKRXJK� D� FRQVLGHUDEO\� OHVV� UHILQHG� PHVK� ZDV� XVHG�� � 7KH
GHIOHFWLRQV�REWDLQHG�IURP�WKH�HOHPHQW�OD\HUHG�PRGHOV�DUH�DSSUR[LPDWHO\�����ODUJHU�WKDQ
WKRVH� IRU� WKH� PRGHO� XVLQJ� WKH� �'� OLEUDU\� �'�5��� � 7KLV� GLIIHUHQFH� LV� GXH� PRUH� WR
GLIIHUHQFHV�LQ�PRGHOLQJ�WHFKQLTXH�DQG�SURSHUWLHV��WKDQ�WR�D�PRUH�FRQYHUJHG�PHVK�

Table 2. Comparison of results: plate subjected to three-point bending.

L4.R3 Library L4.R8 Library 3D.R3 Library
Degrees of freedom 8,597 41,827 16,973
RMS wavefront 2,217 6,198 2,922
Maximum deflection, cm. 1.48 1.51 1.99
CPU time, sec. 280 1,756 1,093

7KH� $%$486�3RVW� JUDSKLFDO� SRVW�SURFHVVRU� ZRUNV� ZHOO� ZLWK� PRGHOV� XVLQJ
VXSHUHOHPHQWV�EDVHG�RQ�HOHPHQW�OD\HULQJ�RU�VROLG�HOHPHQWV���7KH�UHVXOWV�VKRZQ�LQ�)LJ����
FRUUHVSRQG� WR�DQ�DQDO\VLV� LOOXVWUDWLQJ� WKH�XVH�RI� OLEUDU\��'�5�� WR�REWDLQ�GHWDLOHG� UHVXOWV
IURP� ZLWKLQ� VHOHFWHG� VXSHUHOHPHQWV�� � 7KH� ILJXUH� FRQVLVWV� RI� D� WRS�OHYHO� �OHYHO���
GHIRUPDWLRQ� SORW� VXSHUSRVHG� RQ� ORZHU�OHYHO� SORWV� RI� WKH� VWUDLQ� GLVWULEXWLRQ� LQVLGH� WZR
KLJKO\�VWUHVVHG�VXSHUHOHPHQWV���7KH�UHVXOWV�RI�WKLV�DQDO\VLV�ZRXOG�EH�WKH�VDPH�DV�WKRVH�RI
DQ� LGHQWLFDOO\� UHILQHG� PRGHO� FRPSRVHG� H[FOXVLYHO\� RI� WKUHH�GLPHQVLRQDO� HOHPHQWV�
+RZHYHU�� D� GLUHFW� FRPSDULVRQ� LQ� VROXWLRQ� WLPH� EHWZHHQ� WKH� WZR� PRGHOV� FRXOG� QRW� EH
FRPSOHWHG� GXH� WR� WKH� LQWUDFWDEO\� ODUJH� FRPSXWDWLRQDO� VL]H� RI� WKH� FRQYHQWLRQDO� WKUHH�
GLPHQVLRQDO�DQDO\VLV�

&RQYHQWLRQDO�HOHPHQWV

'HIRUPHG�VXSHUHOHPHQW

6XSHUHOHPHQW
VWUDLQV

5HWDLQHG�QRGHV

Z

)LJXUH����5HVXOWV�RI�DQDO\VLV�EDVHG�RQ�VXSHUHOHPHQW�OLEUDU\��'�5����'HIRUPDWLRQ�DQG
VWUDLQV� DUH� VKRZQ� IRU� VHOHFWHG� VXSHUHOHPHQWV�� �5HWDLQHG�QRGHV� RXWOLQH� WKH
VXSHUHOHPHQWV�WKDW�KDYH�QRW�EHHQ�SRVW�SURFHVVHG�
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5.  Concluding Remarks

$Q�DQDO\WLFDO�VWXG\�EDVHG�RQ�WKUHH�GLPHQVLRQDO�HOHPHQWV�ZDV�FRQGXFWHG�WR�GHWHUPLQH
WKH�UHVSRQVH�FKDUDFWHULVWLFV�RI�WLOH�UHLQIRUFHG�FRPSRVLWH�DUPRU�FRPSRQHQWV���7KH�UROH�RI
WUDQVYHUVH� VKHDULQJ� GHIRUPDWLRQ� LQ� WKH� UXEEHU� OD\HU� DQG� WKH� ORFDO� VKHDULQJ�EHQGLQJ
GHIRUPDWLRQV� RI� WKH� WLOH� DGKHVLYH� MRLQWV�ZHUH� IRXQG� WR� LQIOXHQFH� VLJQLILFDQWO\� WKH� ORFDO
VWUDLQ� GLVWULEXWLRQV� DV� ZHOO� DV� WKH� JOREDO� VWLIIQHVV� RI� D� WLOH�UHLQIRUFHG� VWUXFWXUH�
&RQYHQWLRQDO� VKHOO�HOHPHQW�EDVHG�DQDO\VLV�ZDV� H[DPLQHG� WR� DVVHVV� LWV� OLPLWHG� DELOLW\� WR
UHSUHVHQW� WKHVH� HVVHQWLDO� GHIRUPDWLRQ� PHFKDQLVPV�� � 7ZR� FRPSXWDWLRQDOO\� HIILFLHQW
WHFKQLTXHV� ZHUH� GHYHORSHG� ZKLFK� UHSUHVHQW� WKH� LQWHUQDO� NLQHPDWLFV� RI� D� VWUXFWXUH� DV
DFFXUDWHO\� DV� D� IXOO\� GHWDLOHG� WKUHH�GLPHQVLRQDO� DQDO\VLV�� ZKLOH� SUHVHUYLQJ� D
FRPSXWDWLRQDO�HIILFLHQF\�FRPSDUDEOH�WR�WKDW�RI�D�VKHOO�EDVHG�DQDO\VLV�� �7KHVH�WHFKQLTXHV
DUH�HOHPHQW�OD\HULQJ�DQG�VXEVWUXFWXULQJ�

(OHPHQW�OD\HULQJ��OLNH�VRPH�DGYDQFHG�KLJKHU�RUGHU�HOHPHQWV��SUHGLFWV�DFFXUDWH�JOREDO
GHIRUPDWLRQV� E\� DOORZLQJ� WKH� FRUUHFW� WUDQVYHUVH� VKHDU� GHIRUPDWLRQV� RI� WKH� ODPLQDWH� WR
RFFXU�� � 2QH� RI� WKH� PRVW� LPSRUWDQW� DGYDQWDJHV� RI� HOHPHQW� OD\HULQJ� RYHU� KLJKHU�RUGHU
HOHPHQWV�LV�WKDW�LW�LV�EDVHG�RQ�FRQYHQWLRQDO�ILQLWH�HOHPHQWV���(OHPHQW�OD\HUHG�PRGHOV�DUH
SRUWDEOH� IURP� RQH� DQDO\VLV� FRGH� WR� DQRWKHU�� ZKLFK� LV� D� SUHUHTXLVLWH� LQ� D� SURJUDP� WKDW
LQYROYHV� WKH� FRPSXWDWLRQDO� IDFLOLWLHV� RI� VHYHUDO� PDQXIDFWXUHUV� DQG� JRYHUQPHQW
ODERUDWRULHV���,Q�DGGLWLRQ��WKH�PHWKRG�ZDV�LPSOHPHQWHG�LQWR�DQ�DXWR�OD\HULQJ�SURJUDP�WKDW
DXWRPDWLFDOO\�WUDQVIRUPV�DQ\�FRQYHQWLRQDO�VKHOO�PRGHO�LQWR�DQ�HOHPHQW�OD\HUHG�PRGHO�

6XEVWUXFWXULQJ�JUHDWO\�UHGXFHV�WKH�FRPSXWDWLRQDO�FRVW�RI�DQDO\]LQJ�ODUJH�FRPSRQHQWV
ZLWK� HLWKHU� VROLG� HOHPHQWV� RU� HOHPHQW�OD\HUHG� VXSHUHOHPHQWV�� � 8VLQJ� SUH�GHILQHG
VXSHUHOHPHQW� OLEUDULHV�� LW� LV� VWUDLJKWIRUZDUG� WR� GHYHORS� HIILFLHQW�PRGHOV� RI� ODUJH�&$9�
W\SH� VWUXFWXUDO� FRPSRQHQWV� WKDW� FDQ� EH� DQDO\]HG� UDSLGO\� RQ� DQ\� W\SLFDO� GHVNWRS
ZRUNVWDWLRQ�

References

1.� Dávila, C.G., Smith, C. and Lumban-Tobing, F., ‘Analysis of Thick Sandwich Shells
with Embedded Ceramic Tiles’, Proc. 11th DoD/NASA/FAA Conference on Fibrous
Composites in Structural Design 1, WL-TR-97-3008, Fort Worth, TX, August 1996.

2.� Whitney, J. M., ‘Shear Correction Factors for Orthotropic Laminates Under Static
Load’, J. Applied Mechanics ASME 40, 1973, pp. 302-304.

3.� Cho, Y-B. and Averill, R. C., ‘An Improved Theory and Finite-Element Model for
Laminated Composite and Sandwich Beams Using First-Order Zig-Zag Sublaminate
Approximations’, Composite Structures 37(3-4), 1997, pp. 281.

4.� Wang, J. T., Raju, I. S., Dávila, C. G. and Sleight, D. W, ‘Computation of Strain
Energy Release Rates for Skin-Stiffener Debonds Modeled with Plate Elements’,
Proc. AIAA/ASME/ASCE/AHS 34th Structures, Structural Dynamics, and Materials
Conference, April 1993.  AIAA Paper 93-1501.

5.� Pike, T., Lumban-Tobing, F., Smith, C. and Garcia, R., ‘Composite Armored Vehicle
Component Analysis and Test Result Correlation,’ Proc. 11th DoD/NASA/FAA
Conference on Fibrous Composites in Structural Design, 1, WL-TR-97-3008, Fort
Worth, TX, 1996.



16

6.� Anon., ABAQUS Theory Manual, Version 5.5, Hibbit Karlsson & Sorensen, Inc.,
Pawtucket, RI, 1995, pp. 2.13.1-2.

7.� Anon., ABAQUS User’s Manual, Version 5.6, Hibbit Karlsson & Sorensen, Inc.
Pawtucket, RI, 1996.

8.� Dávila, C. G., Baker, D. J. and Taylor, S., ‘Superelement Analysis of Tile-Reinforced
Composite Armor’, Report VTC NR 97-04, Army Research Laboratory, NASA
Langley Research Center, Hampton, VA, 1997.

9.� Anon., MSC PATRAN V7.5 User’s Manual, McNeal-Schwendler Corp., Los
Angeles, CA, 1997.

10.�Dávila, C. G., ‘Superelement Analysis of Tile-Reinforced Composite Armor’, Proc.
11th Worldwide ABAQUS User’s Conference, Newport, RI, 1998.

11.�Dávila, C. G., Chen, Tzi-Kang and Baker, D. J., ‘Analysis of Tile-Reinforced
Composite Armor.  Part1: Advanced Modeling and Strength Analyses’, Proc. 21st
Army Science Conference, Norfolk, VA, 1998.



REPORT DOCUMENTATION PAGE Form Approved
OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data
sources, gathering and maintaining the data needed, and completing and reviewing the collection of information.  Send comments regarding this burden estimate or any other
aspect of this collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and
Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188),
Washington, DC 20503.

1. AGENCY USE ONLY  (Leave blank) 2. REPORT DATE

July 1999
3. REPORT TYPE AND DATES COVERED

Technical Memorandum
4. TITLE AND SUBTITLE

Advanced Modeling Strategies for the Analysis of Tile-Reinforced
Composite Armor

5. FUNDING NUMBERS

538-13-12

6. AUTHOR(S)

Carlos G. Dávila and Tzi-Kang Chen
          

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

NASA Langley Research Center             U.S. Army Research Laboratory
Hampton, VA 23681-2199                      Vehicle Technology Directorate
                                                                 NASA Langley Research Center

                                                                       Hampton, VA 23681-2199

8. PERFORMING ORGANIZATION
REPORT NUMBER

  L-17850

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDR ESS(ES)

National Aeronautics and Space Administration
Washington, DC 20546-0001

                       and
     U.S. Army Research Laboratory
     Adelphi, MD 20783-1145

10. SPONSORING/MONITORING
AGENCY REPORT NUMBER

NASA/TM-1999-209352
ARL-TR-1978

11. SUPPLEMENTARY NOTES

POC/Phone: Carlos G. Dávila, 757-864-9130

12a. DISTRIBUTION/AVAILABILITY STATEMENT

Unclassified-Unlimited
Subject Category  39                   Distribution: Nonstandard
Availability: NASA CASI (301) 621-0390

12b. DISTRIBUTION CODE

13. ABSTRACT  (Maximum 200 words)

A detailed investigation of the deformation mechanisms in tile-reinforced armored components was conducted
to develop the most efficient modeling strategies for the structural analysis of large components of the
Composite Armored Vehicle.  The limitations of conventional finite elements with respect to the analysis of tile-
reinforced structures were examined, and two complementary optimal modeling strategies were developed.
These strategies are element layering and the use of a tile-adhesive superelement.  Element layering is a
technique that uses stacks of shear deformable shell elements to obtain the proper transverse shear distributions
through the thickness of the laminate.  The tile-adhesive superelement consists of a statically condensed
substructure model designed to take advantage of periodicity in tile placement patterns to eliminate numerical
redundancies in the analysis.  Both approaches can be used simultaneously to create unusually efficient models
that accurately predict the global response by incorporating the correct local deformation mechanisms.

14. SUBJECT TERMS

composite armor, tile-reinforced sandwich structure, element layering,
15. NUMBER OF PAGES

21
superelements 16. PRICE CODE

A03
17. SECURITY CLASSIFICATION

OF REPORT

Unclassified

18. SECURITY CLASSIFICATION
OF THIS PAGE

Unclassified

19. SECURITY CLASSIFICATION
 OF ABSTRACT

Unclassified

20. LIMITATION
 OF ABSTRACT

     UL

NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89)
Prescribed by ANSI Std. Z-39-18
298-102


